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Abstract
Novel technologies allow cryptocurrency exchanges to offer innovative services that 
set them apart from other exchanges. In this paper we study the distinct features of 
cryptocurrency fee schedules and the implications for optimal trade execution. We 
formulate an optimal execution strategy that minimizes the trading fees charged by 
the exchange. We further provide a proof for the existence of an optimal execution 
strategy for this type of fee schedule. The optimal strategy involves both market and 
limit orders on various price levels. The optimal order distribution scheme depends 
on the market conditions expressed in terms of the distribution of limit order exe-
cution probabilities and the exchange’s specific configuration of the fee schedule. 
Our results indicate that a strategy kernel with an exponentially decaying allocation 
of trade volume to price levels further away from the best price provides superior 
performance and potential reduction of trade execution cost of more than 60%. The 
robustness of these results is confirmed in an empirical study. To our knowledge, 
this is the first study of optimal trade execution that takes into consideration the full 
fee schedule of exchanges in general.
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1  Introduction

Cryptocurrency markets have matured significantly over the past years and have 
seen increasing adoption by institutional investors recently. According to data 
reported by the online service Buy Bitcoin Worldwide, institutional investors 
held more than 7% of the total Bitcoin supply valued at some USD 70bn as per 
end of 2021 (Buy BitcoinWorldwide, 2021). While primarily crypto-native firms 
or technology companies gain direct cryptocurrency exposure, the rise of cryp-
tocurrency ETFs and other derivatives demonstrates the wider economy’s appe-
tite for this new investment class. The backbone of this emerging industry are 
new cryptocurrency exchanges offering efficient, secure and regulatory-compli-
ant markets. While these exchanges generally operate an electronic limit order 
book (LOB) similar to other exchanges, they have developed a number of inno-
vative service offerings such as 24/7/365 trading and instantaneously adapting 
fee tiers. The latter is characterized by an asymmetric maker-taker fee schedule 
with rebates rewarding continuous trading activity. Thereby, other than with tra-
ditional exchanges, the applicable trading volume is updated instantaneously after 
every executed trade rather than at the end of the day as is practice among tra-
ditional exchanges. It is well understood that an exchange’s fee schedule affects 
trading activity (Lin et  al., 2019), trader’s welfare (Colliard & Foucault, 2012), 
market efficiency (Black, 2022) and has an impact, in particular, on large traders 
(Panayides et al., 2017). Furthermore, Cimon (2021) finds that trading fee sched-
ules affect the routing decision of brokers who execute trades on behalf of their 
clients. However, the latter is irrelevant in our context because traders generally 
interact directly with the exchange and are not intermediated by brokers on cryp-
tocurrency markets (Brauneis et al., 2022). Thus, trading venues carefully design 
their fee schedule to optimize for some target such as to maximize market mak-
ing activities (Euch et  al., 2021). On the other hand, empirical evidence shows 
that trading costs can significantly impact a trading strategy’s performance. For 
example, Edelen et  al. (2013) show that for actively managed funds the trading 
cost on a per-unit basis can be up to 80 basis points (bps) with trade commis-
sions amounting to 14 bps and price impact to a staggering 53 bps. Hence, for 
institutional clients allocating large trading volumes, the execution quality of an 
asset manager is an important decision factor (Ben-Rephael & Israelsen, 2017). 
Consequently, organizations trading large volumes operate sophisticated tools in 
order to minimize trading cost (Battalio et al., 2016) and execution risk (Kozhan 
& Tham, 2012; Tsoukalas et al., 2019).

In general, optimal trade execution is considered the problem of finding a strat-
egy that executes a trade of a certain volume of an asset within a defined time 
period at a minimal cost (Bertsimas & Lo, 1998; Chen et al., 2018). Perold (1988) 
proposes to quantify the execution cost by a strategy’s implementation shortfall, 
which includes trading fees, price impact and opportunity cost from unfilled limit 
orders. One stream of literature focuses on the sub-space of optimal execution 
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strategies if implementation shortfall is due to price impact only (Almgren, 
2003; Almgren & Chris, 2000; Forsyth, 2011; Forsyth et  al., 2009). Gatheral 
and Schied (2012) show that an analytical solution can be obtained when assum-
ing that the execution price follows a geometric Brownian motion (GBM). By 
focusing on the execution price dynamics only, however, the dynamic proper-
ties of real-world LOBs themselves are neglected. Other studies thus let the LOB 
dynamically adjust (e.g. the speed of recovery of supply/demand after a trade) to 
executed trades as part of an execution strategy (Alfonsi et al., 2010; Obizhaeva 
& Wang, 2013; Siu et  al., 2019; Tsoukalas et  al., 2019). Furthermore, Kashyap 
(2020) splits the execution cost into market impact (price impact due to the exe-
cuted trade) and market timing (price movement due to other traders during the 
trade duration) and suggests a stochastic dynamic programming approach to solve 
numerically for optimal execution strategies.

A second stream of literature accounts for static trading fees as another compo-
nent of a strategy’s implementation shortfall. For instance, Guo et al. (2017) study 
optimal order placement strategies under an asymmetric maker-taker fee structure. 
Cont and Kukanov (2017) investigate an optimal routing policy of order placements 
in which fee schedules are allowed to differ for different trading venues. In a more 
recent study Schnaubelt (2021) applies a reinforcement learning approach to opti-
mal trade execution under a static fee schedule and finds that the optimal execution 
strategy consists of both market and limit orders. Schnaubelt’s results suggest that 
the optimal strategy allows for a reduction of the total execution cost by up to almost 
37% compared to the immediate execution through market orders. While results 
generally confirm that, in the presence of maker-taker fee asymmetry, the optimal 
execution strategy involves both market and limit orders, often only limit orders at 
the best bid/ask price levels are analyzed. Further evidence suggests, however, that 
under certain market conditions (e.g. when the market price has a negative drift) the 
optimal execution strategy involves limiting orders deeper in the LOB (Figueroa-
Lopez et al., 2018).

It is well understood that the asymmetry of maker-taker fee schedules has an 
important impact on a trade’s implementation shortfall and, as a result, the behavior 
of traders on a given exchange. To our best knowledge, however, the problem of 
optimal trade execution under a fee schedule with volume rebates has not been stud-
ied so far (Jalal et al., 2021). In particular, in the context of the innovative features 
of fee schedules used by cryptocurrency exchanges, the volume rebate is an impor-
tant dimension that may allow to further reduce the execution cost. Thus, this paper 
extends previous work on optimal trade execution in the presence of feature-rich fee 
schedules. The remainder of the paper is organized as follows. In Sect.  2 we for-
malize the LOB and its dynamics. An optimal trade execution strategy minimizing 
execution cost based on a trader’s continuously updating fee rebates is developed in 
Sect. 3. Section 4 analyzes the properties of the optimal trade execution strategy on 
the basis of a stylized LOB and real-world fee schedule. We continue this analysis 
in Sect. 5 where the LOB model is now calibrated to empirical data of Kraken’s Bit-
coin/USD LOB. Section 6 concludes with a discussion of our results and an outlook 
to future research.
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2 � The limit order book

Modern trading venues rely on an electronic database where submitted limit 
orders are collected, ordered, and eventually matched and executed. The LOB can 
thus be represented by two queues a(t) and b(t) where ask (sell) and bid (buy) 
orders are organized according to their limit prices i and j; 

Therein, bj(t) contains the total volume of all bid orders with price level j 
which have not been executed up to time t. Each price level is associated with a 
limit price p(b)

j
(t) and available volume v(b)

j
(t) . Because the prices are ordered 

from highest with index j = 1 to lowest at index j = J , so that 
p
(b)

1
(t) > p

(b)

2
(t) > ⋯ > p

(b)

J
(t) . Similarly, let b0(t) denote a market buy order with 

associated price p(b)0 (t) and volume v(b)
0
(t) . A market order instruction to buy at the 

current market price can be expressed as an infinite bid price p(b)
0
(t) = ∞.

Order execution refers to the act of matching an incoming bid (ask) order with 
an appropriate number of ask (bid) orders from the LOB queue and updating the 
queue accordingly. In reality a number of factors can disturb the execution pro-
cess, which are usually neglected in the literature.

Assumption 1  (Efficient LOB) A number of common approximations to the LOB for 
an efficient order execution process are assumed here and applied throughout this 
model:

•	 Zero-latency of orders means the instantaneous submission of orders. Hence, 
orders submitted to the LOB arrive at observation time t.

•	 Complete information signifies no hidden liquidity in the LOB as observed by 
a trader.

•	 Long-term infinite LOB elasticity means that there is no permanent impact 
on market price due to orders of our trader. More specifically, placement and 
execution of our trader’s orders do not permanently impact the composition of 
the LOB represented by a(t) and b(t).

A more detailed discussion of these approximations can be found in Schnaubelt 
(2021). Based on Assumption 1, we can formalize the order execution process for 
an incoming ask order a∗(t) and queued bid order bj(t).

Theorem  1  (Order execution) Consider an LOB with bid queue b(t) observed at 
time t and a newly submitted ask order a∗(t) with associated limit price p∗(t) and 
volume v∗(t) . Let v̄(b)

j
(t) =

∑j

l=1
v
(b)

l
(t) be the total volume in the bid queue up to price 

level j. Then, an order bj(t) in b(t) is completely executed if and only if

(1a)a(t) =(a1(t), a2(t),… , ai(t),… , aI(t))

(1b)b(t) =(b1(t), b2(t),… , bj(t),… , bJ(t))
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1.	 p∗(t) ≤ p
(b)

j
(t),

2.	 and v∗(t) ≥ v̄(b)j (t)

with orders bl(t), l = 1,… , j matched and executed sequentially.
Proof  The proof is straight forward and follows from the price priority rule and the 
assumption of only full-order executions. 	�  ◻

Theorem  1 implies that any ask order with limit price lower than the high-
est limit price in the bid queue (best bid) is immediately executed. It follows that 
p
(b)

1
(t) < p

(a)

1
(t) at any time t where the difference p(a)

1
(t) − p

(b)

1
(t) is called the bid-

ask spread and reflects the current mismatch between the seller and buyer prices on 
the market. Note that symmetric arguments hold for the ask queue a(t) . However, 
the rest of the discussion centers on a large-order buying process. Thus, in order to 
simplify notation we suppress superscript (b) throughout the remainder of this work 
without confusion.

2.1 � Cryptocurrency exchange fee schedule

As discussed previously cryptocurrency exchanges operate a maker-taker fee model 
similar to traditional exchanges (see e.g. Kraken (2021)). This model considers trad-
ers who submit limit orders which are added to the order queue b(t) as liquidity 
makers. Traders who submit orders that are immediately executed and thus remove 
orders (and their volume) from the queue are considered liquidity takers. Markets 
operating such a fee schedule are thus often referred to as maker-taker markets. In 
order to attract liquidity to the LOB maker-taker markets charge makers lower fees 
than takers. Furthermore, different fee tiers reward the accumulation of continuous 
trading volume with further fee rebates. A linear variant of this fee model can be 
stated in terms of a base fee � ∈ ℝ

+ , maker rebate a ∈ ℝ
+ , volume rebate b ∈ ℝ

+ 
and the following fee schedule; 

 where f +(v), f −(v) are the maker and taker fees based on the applicable cumulative 
trading volume v. This fee schedule thus allows for three distinct regimes as exposed 
in Fig. 1.

Note that in reality the volume rebate often follows a staircase function. For the 
purpose of this paper, a linear approximation seems to be reasonable.

While maker-taker fee schedules are common among traditional markets too, 
cryptocurrency exchanges have developed distinct features such as instantane-
ously updating fee tiers and thus continuously adapting volume rebates. This is in 
contrast to the practice among traditional exchanges where the applicable trading 
volume is updated discretely such as at the end of every trading day. As a result, 

(2a)f +(v) = � − a − bv

(2b)f −(v) = � − bv
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cryptocurrency traders are able to optimize an execution strategy for minimal trad-
ing fees on an intraday time scale.

2.2 � Execution risk

Execution risk can have a significant impact on the performance of an execution 
strategy (Cheng et al., 2017). We thus take into consideration the uncertainty around 
the execution of a limit order placed in queue b(t) within the time horizon of the 
execution strategy. Therefore, we quantify the probability that a limit order bj(t) is 
executed within the defined time horizon. In fact, execution probabilities have been 
studied before but with a focus on limit orders at the best price level j = 1 (Cho & 
Nelling, 2000; Omura et  al., 2000; Lo et  al., 2002). We extend this research and 
develop a practical LOB model that allows us to quantify execution probabilities for 
limit orders on arbitrary price levels j ∈ {1, 2,… , J} . Therefore, for a given state of 
the LOB at time t, let P(b)

j
(T|t) be the probability that the bid limit orders bj(t) are 

executed within the period [t, t + T) . For convenience we will simplify notation and 
write Pj . Theorem  1 indicates that this probability is driven by the arrival of ask 
orders with appropriate limit price p∗(t) (necessary condition) and volume v∗(t) (suf-
ficient condition). Assuming a continuous order arrival process, one can model the 
dynamics of (p∗(t), v∗(t))t∈[t,t+T) as a 2-dimensional diffusion process. Continuous 
orderbook dynamics have been widely studied in literature and often the LOB mid-
price p

(a)

1
(t)−p

(b)

1
(t)

2
 is allowed to follow a diffusion process (Cheng et al., 2017; Guant 

et al., 2012; Huitema, 2014). Our model is inspired by the work of Yura et al. (2014) 
who find empirical evidence for correlated mid-price and volume changes and that 
this correlation is proportional to the distance of price level j to the best price. Based 
on these findings, we propose to model the process (p∗(t), v∗(t))t∈[t,t+T) as a bivariate 
(correlated) geometric Brownian motion.

Fig. 1   Stylized fee schedule as found on cryptocurrency exchanges. The fee schedule is modelled by 
three parameters: a based fee � , maker rebate a for limit orders that are not immediately executed, and 
volume rebate b which is applied on the instantaneously updated cumulative trading volume
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Assumption 2  Consider two independent Wiener processes Wp(t) and Wv(t) and let 
the dynamics of (p∗(t), v∗(t)) follow the bivariate geometric Brownian motion with 
drift terms �p,�v , volatilities �p, �v and correlation coefficient � in the variance-
covariance matrix Σ ⋅ Σ�

where Σ ⋅ Σ� =

[
�2
p

��p�v

��p�v �2
v

]
.

We can now formulate the first passage times for the mid-price to fall below a 
certain limit bid price �p , and for the respective limit order volume to exceed the 
total limit order volume �v

According to Theorem 1 the limit order execution probability Pj is the probability 
of both times �p and �v to be less than the trade period T, where �v will reflect a prop-
erty that the probability is also subject to ‘limit-order-book imbalance’ (Kirchner 
& Vetter, 2020). In other words, we can write Pj(T) = P(�p ≤ T ∧ �v ≤ T) . Alterna-
tively, utilizing the law of probability, we can also write

Applying the solution outlined in Section 2.2 in Zhou (2001), we can write the first 
two terms in Eq. (4) as follows1

 with Zp =
|ln(p∗(0)∕p(b)

j
(0))|

�p
 , Zv =

|ln(v∗(0)∕v̄(b)
j
(0))|

𝜎v
 and Φ(z) is the cumulative distribution 

function (cdf) of the standard normal distribution. Similarly, an analytical solution 
exists for the third term

[
d ln(p∗(t))

d ln(v∗(t))

]
=

[
�p

�v

]
dt + Σ

[
dWp(t)

dWv(t)

]

(3a)�p ∶= min
t≥0 (t|p

∗(t) ≤ p
(b)

j
(0))

(3b)𝜏v ∶= min
t≥0 (t|v

∗(t) ≥ v̄
(b)

j
(0)).

(4)Pj(T) = P(�p ≤ T) + P(�v ≤ T) − P(�p ≤ T ∨ �v ≤ T).

(5a)P(�p ≤ T) = Φ

�
−

Zp√
T
−

�p

�p

√
T

�
+ e

−
2�pZp

�p Φ

�
−

Zp√
T
+

�p

�p

√
T

�

(5b)P(�v ≤ T) = Φ

�
−

Zv√
T
−

�v

�v

√
T

�
+ e

−
2�vZv

�v Φ

�
−

Zv√
T
+

�v

�v

√
T

�

1  Note that Zhou in his original model has used a default threshold Ci(t) which is dependent on time t 
reflecting firm i’s debt position. Here, we fix the threshold defining the first passage times �p and �v to 
the bid order’s limit price p(b)

j
(0) and total volume placed v̄(b)

j
(0) which are constants. Hence, we have 

�p = �v = 0 and the expressions in Zhou (2001) simplify accordingly.
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with

where I� is the modified Bessel function I with order �.
From Eq. (4), it can be shown that �Pj

�T
 is a valid probability density function with 

respect to the first passage time. Let pj(T) = �Pj
�T

 , then it follows that

As shown in Zhou (2001), all three terms in the above equation are non-negative 
functions. Since the law of probability suggests that 
P(𝜏p ≤ T) + P(𝜏v ≤ T) > P(𝜏p ≤ T ∨ 𝜏v ≤ T) for all positive T, pj(T) is also a non-
negative function. By integration, we have P(∞) = ∫ ∞

0 pj(T)dT = 1 and 
P(T1) − P(T0) = ∫ T1

T0
pj(T)dT  for any T1 > T0 . Thus, pj(T) is a valid probability den-

sity function.

3 � Optimal trade execution

The objective of optimal trade execution is to minimize the execution cost or, as pre-
viously discussed, the execution strategy’s implementation shortfall. Therefore, the 
trader may split the trade into any desirable sub-units placed on the LOB as either 
market or limit orders with a desired strategy expiration. At the strategy’s expira-
tion the unfilled orders are withdrawn and the residual trade volume is executed. 
We consider a purely static setting where the trader does not dynamically adjust his 
orders once submitted. This is different from previous studies which generally find 
a dynamic execution strategy where orders are re-evaluated during the execution of 
the strategy (Almgren & Chris, 2000; Chen et  al., 2018; Cont & Kukanov, 2017; 
Schnaubelt, 2021). Thus, our strategy is particularly useful for trade mandates with 

(6)
P(�p ≤ T ∨ �v ≤ T) = 1 −

2

�T
ea1x1+a2x2+aTT

∞∑
n=1

sin

(
n��0

�

)

⋅ e
−

r2
0

2T �
�

0

sin
(
n��

�

)
gn(�)d�

𝛼 =

⎧
⎪⎨⎪⎩

tan−1
�
−

√
1−𝜌2

𝜌

�
if 𝜌 < 0

𝜋 + tan−1
�
−

√
1−𝜌2

𝜌

�
otherwise

, 𝜃0 =

⎧
⎪⎨⎪⎩

tan−1
�

Zv

√
1−𝜌2

Zp−𝜌Zv

�
if (.) > 0

𝜋 + tan−1
�

Zv

√
1−𝜌2

Zp−𝜌Zv

�
otherwise

,

r0 = Zv∕ sin(𝜃0), gn(𝜃) = ∫
∞

0

re
−

r2

2T ed1r sin (𝜃−𝛼)−d2r cos (𝜃−𝛼)I n𝜙

𝛼

� rr0
T

�
dr,

a1 = −
𝜇p𝜎v − 𝜇v𝜎p𝜌

(1 − 𝜌2)𝜎2
p
𝜎v

, a2 = −
𝜇v𝜎p − 𝜇p𝜎v𝜌

(1 − 𝜌2)𝜎2
v
𝜎p

,

aT =
a2
1
𝜎2
p

2
+ 𝜌a1a2𝜎p𝜎v +

a2
2
𝜎2
v

2
+ a1𝜇p + a2𝜇v,

d1 = a1𝜎p + 𝜌a2𝜎v, d2 = a2𝜎v

√
1 − 𝜌2

(7)pj(T) =
�P(�p ≤ T)

�T
+

�P(�v ≤ T)

�T
−

�P(�p ≤ T ∨ �v ≤ T)

�T
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a relatively short expiration T within which the shape of the LOB does not signifi-
cantly change.

3.1 � Trade execution strategy

Consider a mandate of trading N units of a certain asset against another asset 
within a fixed expiration T. The execution of that trade may involve any combina-
tion of maker and taker fees. We thus represent this trade as the triplet (w,N, T) 
with execution strategy w = (w0,w1,… ,wJ) where elements wj , wj ∈ ℝ

+∀j and 
∑J

j=0 wj = 1 , reflect the proportional allocation of the total trade volume N to buy 
orders bj(t), j = 0, 1,… , J . Note that, as defined above, b0(t) represents the submit-
ted market buy order and bj(t), 0 < j ≤ J the respective limit orders.

In the rest of the model, we focus on the special case where the strategy’s imple-
mentation shortfall is defined purely by the trading fees due to the exchange fee 
schedule (f +(v), f −(v)) . We thus neglect other types of execution costs such as price 
impact. This is in contrast to previous studies which have focused on the latter and 
excluded trading fees in their analyses. The fact that empirical evidence (Edelen 
et al., 2013; Schnaubelt, 2021) suggests a significant contribution of trading fees to 
overall execution cost motivates our assumption. Thus, the objective of strategy w is 
to minimize the trading fees associate with trade execution.

3.2 � Trade execution

When submitted to the LOB, trade (w,N, T) is executed by the exchange according 
to Theorem 1. Specifically, the execution of the overall trade proceeds in the sequen-
tial execution of trade volume wjN allocated to orders bj in queue b starting from the 
lowest and iterating to the highest price level. While orders are executed along this 
sequence cryptocurrency exchanges instantaneously update the accumulated trading 
volume vj as outlined in Sect. 2.1. We can describe this updating process in terms of 
three steps as follows; 

Step 1:	� At t, the market order with volume w0N is executed immediately with an 
applicable rolling trading volume of v0 , which is the trader’s initial trading 
volume accumulated prior to the submission of the trade.

Step 2:	� Within the period [t, t + T) , limit orders are executed sequentially and 
yield a new applicable rolling trading volume 

 where Ij(T) is an indicator function with Ij(T) = 1 if the order at price level j is fully 
executed within [t, t + T) and Ij(T) = 0 otherwise.

Step 3:	� At t + T  , an additional market order is placed and executed immediately 
covering the residual volume of the limit orders that were not executed 

(8)vj = vj−1 + Ij−1(T)wj−1N ∀j = 1, 2,… , J + 1
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within trade period [t, t + T) . Hence, the volume of the residual order is ∑J

j=1
(1 − Ij(T))wjN with applicable rolling trading volume of vJ+1 such 

that ∑J
j=1(1 − Ij(T))wjN + vJ+1 = N + v0.

Note that in Eq. (8) we assume that the applicable cumulative trading volume is 
updated after every executed trade. As discussed previously this reflects an innova-
tive feature of cryptocurrency exchanges and allows for the execution strategy to 
realize respective fee rebates even if executed within an intraday period.

3.3 � Trade execution cost

We are now in a position to express the trade execution cost in terms of the trade 
(w,N, T) and initial trade volume v0 . Therefore, we simply accumulate the fees 
applied when sequentially executing the orders placed in the LOB according to strat-
egy w . We can write this as follows

 We can write the distribution of the indicator Ij(T) as follows; 

 with order execution probabilities Pj(T) defined in Eq.  (4). Probability 
P
(
I0(T) = 1

)
= 1 can be inferred from Assumption 1 which says that an efficient 

LOB allows for the immediate execution of market orders. Furthermore, the assump-
tion also suggests LOB elasticity such that the execution of a trade does not materi-
ally affect the structure of the LOB and, hence, the implied execution probabilities. 
As a result, we are able to compute the expected trade execution cost from Eq. (9) by 
substituting the indicator functions with the respective execution probabilities

Optimizing over the strategy vector w results in a J + 1 dimensional optimization 
problem. Especially for strategies involving a large number of price levels J this may 

(9)c(w,N, T) = f −(v0)w0N +

J∑
j=1

f +(vj)Ij(T)wjN + f −(vJ+1)

J∑
j=1

(1 − Ij(T))wjN

(10a)I0(T) = 1 with probability 1

(10b)Ij(T) =

{
1 with probability Pj(T)

0 with probability 1 − Pj(T)
, j = 1,… , J.

(11)

E[c(w,N, T)] =f −(v0)w0N +

J∑
j=1

f +(E[vj])Pj(T)wjN

+ f −(E[vJ+1])

J∑
j=1

(1 − Pj(T))wjN

(12)min
w

E[c(w,N, T)]
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be challenging to solve in reality. We thus resort to a more robust approach in the 
next section.

3.4 � Strategy kernels

In general, the existence and uniqueness of optimal solutions to the high-dimen-
sional problem depend on the corresponding Hessian matrix and its eigenvalues. 
Exploring the linear-algebraic cases of minima, maxima, or saddle points can 
obscure the purpose of this paper while not adding much value to the learned 
reader. On the other hand, we show that solving Eq. (12) with a strategy kernel 
ensures that the second-order condition in Hessian matrix is satisfied to obtain 
an optimal solution while the kernel distributes the volume of the J limit orders 
according to the kernel of choice. Thus, a more practical approach is to oper-
ate along a narrower class of trading strategies that reduces the dimension of the 
optimization problem (Brown & Smith, 2011). Therefore, we propose a distinct 
class of trade execution strategies to reduce the dimension of the optimal execu-
tion strategy problem. The specific form of execution strategies proposed is as 
follows;

with strategy kernel Kj ∈ (0, 1) and 
∑J

j=1
Kj = 1 . The execution strategy is then fully 

defined by � ∈ (0, 1) and expresses the trader’s allocation of the total trade size N to 
limit orders. On the other hand, the strategy kernel Kj defines how this allocation is 
split into smaller limit orders and distributed over price levels j. While the strategy 
kernel can take any shape, three intuitive choices are proposed here 

As a result, utilizing a strategy kernel allows us to reduce the problem of find-
ing an optimal execution strategy to a one-dimensional optimization problem of 
the form

with

(13)wj =

{
1 − � , if j = 0

�Kj, else

(14a)Constant Kj =
1

J

(14b)Linear Kj =
J − j∑
i J − i

(14c)Exponential Kj =
e−�j∕J∑
i e

−�i∕J

(15)min
�

E[c(� ,N, T)]
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 A proof of Eq. (16) can be found in Appendix A.
Based on this result, we can formulate the following Theorem that provides a 

condition on the existence of a solution to the optimization problem presented above 
and, thus, an optimal trade execution strategy.

Theorem 2  (Optimal execution strategy) For a given J and T, the expected total exe-
cution cost E[c(� ,N, T)] = c0 − c1(T)� + c2(T)�

2 with c0 = N(� − bv0) , 
c1(T) = N[Nb + ag(T)] , c2(T) = N2bh(T) , g(T) =

∑J
j=1 Pj(T)Kj

 , and 
h(T) = 1 −

∑J
i=1 Pi(T)Ki +

∑J
j=1

(

∑J
i=j Pi(T)Ki

)

Pj(T)Kj
 has a local minimum c∗(N,T) = c0 −

c1 (T)2

4c2 (T)
 for an opti-

mal strategy �(T)∗ = c1 (T)
2c2 (T)

 if and only if N >
ag(T)

[2 h(T)−1]b
 and h(T) > 1∕2.

A proof of Theorem 2 is outlined in Appendix B.

4 � An example: large bitcoin buy order on Kraken exchange

The goal of this section is to study the optimal trade execution strategy formulated 
in Theorem 2 on the basis of a real-world example. Specifically, we want to analyze 
the shape of the expected trade execution cost function E[c(� ,N)] for different strat-
egy kernels Kj and market regimes in terms of the distribution of order execution 
probabilities. Therefore, consider a buy trade of USD 10,000,000.00 worth of Bit-
coin which should be executed at minimal cost within 60 min on Kraken Exchange.

Table 1 shows the trade parameters compiled by the mandated trader. Hypotheti-
cal numbers are chosen for the first four parameters T, N, J, and v0 and all other 
parameters reflect the official fee schedule of Kraken Exchange (Kraken, 2021). In 
this stylized example, instead of calibrating the execution probabilities Pj to mar-
ket data we will assume three distinct market regimes expressed in different, hypo-
thetical, probability distributions P̃j(T) ; (1) uniform execution probabilities across 
the LOB, (2) execution probabilities decaying linearly with LOB depth, and (3) an 
exponential decay of the execution probabilities. More formally, we use the follow-
ing market regimes in this example; 

(16)

E[c(� ,N, T)] = N(� − bv) − N

(
bN + a

J∑
j=1

Pj(T)Kj

)
�

+ bN2

(
1 −

J∑
i=1

Pi(T)Ki +

J∑
j=1

(
J∑
i=j

Pi(T)Ki

)
Pj(T)Kj

)
�2

(17a)Uniform P̃u
j
(T) = 𝜉

(17b)Linear Decay P̃l
j
(T) = 𝜉(J − (j − 1))∕J

(17c)Exponential Decay P̃e
j
(T) = 𝜉e−𝜁(j−1)∕J .
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Hence, the market regimes all consider an execution probability of a limit order 
placed on the first price level of � but the probabilities behave differently on lower 
price levels. We calibrate the probability functions with � = 0.4 , i.e. 40% execution 
probability within time T for the best bid order, and � = 10 yielding a sharp expo-
nential decay such that the linear and exponential decay regimes differ notably. Note 
that the assumption of uniform execution probabilities suggest that buy limit orders 
placed on different price levels all have the same probability, in this example 40%, 
of being executed against incoming sell orders. Theoretically, this is impossible as it 
implies that the first passage times �p and �v are equal across price levels i. Hence, 
the regime of uniform execution probabilities should be considered as a baseline 
scenario for comparison only.

The trader can now compute the minimal execution cost c∗(N) according to Theo-
rem 2. Figure 2 shows the expected trade execution cost for the three strategy ker-
nels and the exponential decay market regime, P̃e

j
(T) . Execution strategy � is repre-

sented by the x-axis and the resulting expected execution cost E[c(� ,N)] is shown on 
the y-axis. For � = 0 , indicating execution as a large market order, the expected exe-
cution cost is USD 26,000 for all strategy kernels. This can easily be verified by 
applying the taker fee without maker and volume rebate to the total trade volume; 
0.0026 ∗ 10,000,000 = 26,000 . Furthermore, the optimal strategies �∗(T) are indi-
cated with a star-shaped marker for each kernel. The results suggest that the expo-
nential strategy kernel yields the lowest minimal execution cost with a value of 
c∗(�∗,N) = 19,292 for an optimal limit order allocation of �∗(T) = 0.73 (rounded to 
2 digits). Thus, the optimal strategy yields a significant potential cost reduction of 
about 26%.

We further want to understand the impact of the different market regimes on the 
optimal execution strategy. Figure 3 shows the optimal execution strategy �∗(T) on 
the x-axis and the minimal execution cost c∗(N, T) on the y-axis for all combina-
tions of market regimes and strategy kernels. Points are plotted using the symbols 
‘o’, ‘ Δ ’, and ‘ + ’ for uniform, linear decay, and exponential decay market regimes 
while colors red, green, and blue indicate the constant, linear, and exponential ker-
nels Kj . The following main observations are noteworthy; (1) the optimum for all 

Table 1   Kraken Exchange fee schedule parameters and parameters of a hypothetical Bitcoin buy trade 
worth USD 10,000,000 and with an execution target of 1 h

Parameter Description Value

T Trade period 60 min
N Total trade volume 10,000,000 USD
J Available price levels 20
v
0

Initial trade volume 0
� Taker fee 26 bps
a Maker fee rebate 10 bps
b Volume rebate rate 0.016 bps/USD 1 M
Kj Strategy kernel One of constant, linear or exponential
Pj Market regime One of uniform, linear or exponential
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Fig. 2   Expected trade execution cost for different strategy kernels and exponentially decaying execution 
probabilities across the depth of a hypothetical Bitcoin/USD LOB. Minimal execution cost according to 
Theorem 2 are indicated with star-shaped markers

Fig. 3   Optimal trade execution strategy �∗(T) and minimal execution cost c∗(N,T) for different strategy 
kernels and market regimes as reflected in the distribution of execution probabilities across the depth of a 
hypothetical Bitcoin/USD LOB
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configurations requires the trader to allocate > 50 % of her trade volume to limit 
orders, (2) the minimal execution cost is strongly correlated with the allocation of 
trade volume to limit orders, and (3) the minimal execution cost exhibits a strong 
negative correlation with execution probabilities Pj(T) (higher execution probabili-
ties result in lower minimal execution cost). Intuitively these results make sense as 
the fee rebates grow in the expected accumulated trade volume, E[vj] , which itself 
increases along the execution path if a) the execution probabilities are higher and b) 
more volume is allocated to these limit orders. On the other hand, we observe that 
the exponential strategy kernel performs best for the exponential decay and linear 
decay market regimes but worst for the uniform regime. It is easy to see that this 
is due to the fact that terms g and h in Theorem 2 are maximized, and minimized 
respectively, if probabilities Pj(T) and the kernel Kj exhibit a corresponding func-
tional shape in price level j. As a result, the optimal choice of the strategy kernel, Kj , 
depends on the market regime or, in other words, on the shape of the LOB.

The overall minimal execution cost is USD 16,862 and is achieved in the uniform 
market regime and when applying the constant strategy kernel. This solution utilizes 
an execution strategy of �∗(T) = 0.91 (rounded) suggesting that the trader should 
place 91% of the trade volume as limit orders allocated to the various price levels 
according to the constant kernel.

The results discussed in this section show that the expected execution cost of a 
large Bitcoin buy order can be reduced by up to 35% when optimizing for fee rebates 
only. This is a significant cost reduction potential improving the profitability of trad-
ing strategies and, thus, the performance of actively managed portfolios throughout 
the industry. In the following section, we will further expand on this analysis by 
estimating empirical order execution probabilities over different historical market 
regimes.

5 � Empirical results

5.1 � Bitcoin/USD data

We use historical LOB data for Kraken Exchange Bitcoin/USD market. Kraken 
Exchange is a major cryptocurrency exchange founded in 2011 and based in the 
US. According to different sources Kraken ranks among the largest cryptocurrency 
exchanges globally (Schnaubelt, 2021). Through their public APIs2 we collected 
hourly LOB snapshots and the full history of intraday trade data (trade executions) 
spanning over almost 7.5 months (2021/5/1 to 2021/12/9). Due to a server outage 
data collection was interrupted for a number of days in July 2021 which results in a 
short data gap. Further, note that as discussed previously Kraken Exchange is open 
for trading on a 24/7/365 basis such that trading activity is reported at every day of 
the year. As a result, our sample consists of 5,224 LOB snapshots and 223 days of 
intraday trading activity. Based on this data we are able to reconstruct the complete 

2  A complete API documentation can be found here: https://​docs.​kraken.​com/​rest.

https://docs.kraken.com/rest
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order queues b(t) and a(t) for all 5,224 snapshots. Our analysis shows that the empir-
ical execution probabilities for limit orders beyond a certain price level becomes 
negligible (see Fig. 7). We thus limit the execution strategy to include only the first 
300 price levels such that J = 300.

A summary of the collected intraday trade data is exhibited in Fig. 4. The data 
includes timestamp (x-axis), price (primary y-axis and red graph) and volume (sec-
ondary y-axis and blue bars) for all executed trades over the observation period. This 
data is exclusively used for calibrating our LOB model and the implied order execu-
tion probabilities. Figure 4 further shows the subsample of trade data used for the 
calibration of the execution probabilities for the UTC-15:00 LOB snapshot on May 
12th 2021 in the zoom window. The methodology followed for the calibration is dis-
cussed in more detail in the following section.

5.2 � LOB model calibration

The centerpiece of our LOB model is a bivariate geometric Brownian motion 
which represents the joint dynamics of the arriving ask price and volume. We 
approximate this process by the observed trade price p(t) and volume v(t). As dis-
cussed earlier, we thereby interpret market orders in the trade history as limit ask 
orders with a limit price of −∞ such that we do not have to distinguish between 
trade executions from limit and market orders. Because trades are executed at 
random times t we first regularize the observed price and volume processes to 

Fig. 4   Overview of the collected Bitcoin/USD intraday trade data. The sample spans a period of 223 
trading days and contains observed execution prices (in red) and volume (in blue). A GBM calibration 
window of 1 h is shown for the LOB snapshot of 15:00 on May 12th 2021 (color figure online)
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one-second frequency. Therefore, consider an equally-spaced time partition Π of 
the time interval [0, t) and define Π = {[ti−1, ti)}

L
i=1

 with t0 = 0 and tL = t . Here the 
length of each subinterval is equal to one second and the endpoint of the parti-
tion t corresponds to the snapshot time t so that ti+1 − ti =

t

L
= 1 . The partition Π 

allows us to derive a new, regular, price series pi+1 = max{p(s)|s ∈ [ti, ti+1)} and 
volume series vi+1 = max{v(s)|s ∈ [ti, ti+1)} . Note that since we aggregate trade 
executions in 1000ms wide increments we are effectively remediating the prob-
lem of imprecise data from slow exchanges like Kraken as suggested by Foley 
et al. (2023). Using this regularized price and volume series data we are able to 
derive estimators 𝜇̂p, 𝜇̂v, 𝜎̂p, 𝜎̂v, 𝜌̂ for the processes drift, volatility and correlation 
coefficients.3 The regularized trade data, log-differences for price and volume and 
a scatter-plot of the two log-difference series are shown in Fig.  5 for the May 
12th, 2021, 15:00 snapshot (i.e. the zoom window in Fig.  4). We see that both 
log-differences are stationary processes and, in other words, the drift terms 𝜇̂p 
and 𝜇̂v are negligible. Moreover, the price and volume log-differences seem only 
weakly correlated with a coefficient 𝜌̂ close to zero. In order to verify this obser-
vation, we test the null hypotheses �p = 0 , �v = 0 , and � = 0 for different obser-
vation periods in Table 2. Since both the sample means and deviations (volatili-
ties) are estimated quantities, we use a t-statistic to test the hypotheses above. The 

Table 2   Hypothesis testing for model parameters

Time period Parameter Estimated value p-value

(2021-5-12 14:00:00, 2021-5-12 15:00:00) �p
−3e−06 0.039

(2021-5-12 14:00:00, 2021-5-12 15:00:00) �v 0.0004 0.988
(2021-5-12 14:00:00, 2021-5-12 15:00:00) � − 0.0444 0.007
(2021-05-01 02:00:00, 2021-12-09 23:59:59) �p

−7e−09 0.858
(2021-05-01 02:00:00, 2021-12-09 23:59:59) �v

−5e−08 0.999
(2021-05-01 02:00:00, 2021-12-09 23:59:59) � 0.0217 < 1e−6

3  Specifically, we use the respective statistical moments of the regularized log-differences. These 
moments are computed as follows;

with log-differences Δln(ps) = ln(ps) − ln(ps−1) and Δln(vs) = ln(vs) − ln(vs−1) and where 

𝜇̂p =
∑0

s=−S+1
Δln(ps)

S−1
 , and 𝜇̂v =

∑0

s=−S+1
Δln(vs)

S−1
.

𝜎̂p =

�∑0

s=−S+1
(Δln(ps) − 𝜇̂p)

2

S − 1

𝜎̂v =

�∑0

s=−S+1
(Δln(vs) − 𝜇̂v)

2

S − 1

𝜌̂ =

∑0

s=−S+1
(Δln(ps) − 𝜇̂p)(Δln(vs) − 𝜇̂v)

𝜎̂p𝜎̂v
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results in Table 2 suggest that the null hypotheses �p = 0 and �v = 0 cannot be 
rejected at the 1% significance level. This conclusion holds for the exhibited LOB 
snapshot sample as well as for the entire sample period. On the other hand, the 
null hypothesis � = 0 is rejected on the 1% significance level for both periods. 
Hence, we find statistical evidence that the price and volume processes indeed are 
correlated which is in line with the results of Yura et al. (2014).

Finally, it follows from the definition of partition Π that p∗(t) = p0 and 
v∗(t) = v0 , i.e. the most recent submitted ask price and volume are given by the 
last trade price and volume on partition Π . This completes the calibration of our 
LOB model. The execution probabilities Pj(t) are then obtained from the distribu-
tion of hitting times (3a) and (3b) as implied by limit prices p(b)

j
(t) and cumulative 

buy volume v̄(b)
j
(t) which are observed on the respective LOB snapshot. These 

probabilities are computed using Eq.  (4) and the model parameters obtained in 
this section. Thereby, using our hypothesis testing results presented in Table  2 
and in particular the fact that we did not find statistical evidence for non-zero 
drift terms �p and �v , we can apply Zhou (2001)’s simplified form for Eqs. (5) and 
(6) (see Appendix D).

Figure 6 shows the buy order depth v̄(b)
j
(t) (green graph) and estimated execu-

tion probabilities (blue graph) for the same LOB snapshot again. The LOB model 
is calibrated with a partition window of S = 3600  s. The x-axis prints the buy 
price at levels j ∈ (1, 2,… , J) , the respective buy order depth is shown on the pri-
mary y-axis (left hand side) and the resulting execution probability is printed on 
the secondary y-axis (right-hand side). As expected, the execution probability 
reaches a maximum of almost 1 for limit orders on the best price level and 

Fig. 5   Detailed view on the trade data used for calibrating the LOB model to the May 12th, 2021, 15:00 
snapshot. Upper left: trade price and volume. Upper right: the log-differences for the trade price. Lower 
left: the log-differences for the trade volume. Lower right: scatter plot of the price log-differences vs vol-
ume log-differences
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steadily decreases for orders deeper in the LOB. Thus, placing an order on lower 
price levels is associated with a higher risk of not being executed within the trade 
period T.

5.3 � Snapshot analysis

We now calibrate the LOB model to the snapshots at the hours 12:00, 13:00, 14:00 
and 15:00 on May 12th, 2021. Similar to Sect. 4 we then compute the optimal exe-
cution strategy and minimal execution cost for all the snapshots. Figure 7 reports 
the observed LOB order queue b (green line) and empirical execution probabilities 
(blue line) in the left column and the resulting optimal trade execution strategies for 
different strategy kernels in the right column. The graphs show that the shape of the 
order queue changes significantly over the course of the four snapshots. Specifically, 
the best bid price starts at about USD 56,500 in the 12:00 snapshot and increases to 
a maximal value of almost USD 57,000 2 h later. On the other hand, we also observe 
a significant adjustment of the LOB shape between 13:00 and 15:00. Since the LOB 
shape or the limit order queue b , respectively, has a direct impact on the limit order 
execution probabilities we also find this adjustment in the distribution of the execu-
tion probabilities between these same hours. Throughout the snapshots, the execu-
tion probabilities have a value of almost 1, for a limit buy order placed on the best 
price levels, and decrease monotonously to almost zero as the limit price decreases. 
Thereby, the rate of change of the execution probability is comparable across the 
sample. Yet, for the 14:00 snapshot the probability distribution exhibits a signifi-
cantly longer tail indicating a large amount of low-volume low-price buy orders in 
the LOB.

The results for the optimal execution strategies confirm a maximal execution cost 
of �N = USD26,000 for a pure market order strategy, i.e. � = 0 , for all snapshots. 

Fig. 6   Empirical buy order execution probabilities across the Kraken Exchange Bitcoin/USD LOB for 
the May 12th, 2021, 15:00 snapshot and a partition window of S = 3600 s
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In line with the results in Sect. 4 for all kernels the optimal strategy suggests a limit 
order allocation of more than 60%. For the 15:00 snapshot the optimal allocation 
reaches more than 80% for all strategy kernels. Further, we find that the exponen-
tial strategy kernel performs best throughout all snapshots with a limit order alloca-
tion of 100%. The exponential kernel is followed by the linear (second) and constant 
(third) kernels. This can be explained by the fact that the order execution probabil-
ity distributions approximately follow an exponential function. Therefore, the expo-
nential decay in trade volume allocation seems to most optimally deploy the limit 
orders in terms of the resulting fee rebate capture. The overall best result is achieved 
with the exponential kernel for the 15:00 snapshot where the execution cost can be 
reduced from USD 26,000 to 10,061 (rounded). This implies a cost reduction poten-
tial of about USD 15,939 or more than 60% on a USD 10 M trade.

5.4 � Robustness

Previous results indicate that the exponential strategy kernel exhibits superior 
performance over the constant and linear kernels. We want to further test the 
robustness of this result over a longer trading period and, more importantly, dif-
ferent market regimes as discussed in Sect. 5.1. Therefore, we examine the opti-
mal execution strategy for all 5,224 LOB snapshots over the full sample period 
which exhibits an annualized volatility of 97%, representative of the highly vola-
tile Bitcoin market, and weeks with volatility spikes of up to 297%. The results 

Fig. 7   LOB snapshot, empirical execution probabilities and resulting optimal trade execution strategy for 
different kernels and four Kraken Exchange Bitcoin/USD LOB snapshots taken on May 12th, 2021
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of this analysis are shown in Fig.  8 where the optimal execution strategy �∗(T) 
for the three kernels is reported in the upper graph and the respective minimal 
execution cost in the lower graph. As a baseline the results for a pure market 
order strategy (i.e. � = 0 ) is shown in red and, as expected, evaluates to constant 
execution cost of USD 26,000. The delta to the baseline results thus provides an 
estimation of a strategy’s cost reduction potential over time. As indicated earlier 
due to an interruption in data collection a short gap in July can be observed in the 
graph for all strategies.

The results confirm a large allocation of order volume to limit orders leading 
to a significant cost reduction potential for all strategy kernels. Specifically, the 

Fig. 8   Price and annualized volatility historical series (top figure), the optimal trade execution strategy 
(middle figure) and respective minimal execution cost (bottom figure) for different strategy kernels over a 
full sample of collected Bitcoin/USD LOB snapshots

Table 3   Mean and standard 
deviation of minimal trade 
execution cost for different 
strategy kernels over full sample 
of collected Bitcoin/USD LOB 
snapshots

Strategy Mean Standard 
devia-
tion

Market order 26,000 0
Constant kernel 17,843 1406
Linear kernel 15,017 1561
Exponential kernel 10,465 846
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exponential strategy kernel suggests an optimal limit order allocation of 100% for 
almost all LOB snapshots. Table 3 reports the mean and standard deviation of the 
minimal execution cost over the sample period. These results indicate a mean cost 
reduction potential for the exponential kernel of (26,000 − 10,465)∕26,000 ≈ 60 %. 
At the same time, the constant and linear kernels not only result in a lower cost 
reduction but also higher uncertainty (in terms of standard deviation) associated 
with the reduction. Thus, these results confirm the superior performance of the 
exponential kernel and further indicate that this strategy also offers the most robust 
performance.

We further observe that these results are consistent across the sample period. 
Specifically, the general cost reduction potential and the superior performance of the 
exponential kernel are not affected by the different market regimes.

5.5 � Sensitivity w.r.t. trade parameters

So far we have assumed that the parameters exposed in Table 1 are fixed and cannot 
be further optimized. This is meaningful assuming that the trader’s mandate is to 
simply execute the trade (w,N, T) . Weakening this assumption the trader may be in a 
position to suggest a more optimal trade configuration and specifically a more opti-
mal size N or period T. Therefore, the trader may identify any critical points (N∗, T∗) 
on the minimal execution cost surface c∗(N, T) , where dependence on the trade 
period T has been included again, by requiring that its gradient 
∇c∗(N, T) =

(
𝜕c∗

𝜕N
,
𝜕c∗

𝜕T

)⊤

 evaluated at the critical point is the zero vector. We can 
thus establish the following system of equations

where we have substituted �(N, T) = Nb + ag(T) for convenience. As shown in 
Appendix E according to this methodology no critical point on the surface exists 
but these points exist only in the limit T∗

→ ∞ . Intuitively this makes sense as a 
larger trade period T∗ leads to higher execution probabilities Pj(T

∗) and thus to more 
trade volume executed as limit orders at the various price levels. Because these 
limit orders accrue volume rebate and maker rebate, the minimal cost is expected to 
decrease.

These results are confirmed by the surface plot shown in Fig.  9 where the 
minimal execution cost is plotted as a function of the trade size N (x-axis) and 
trade period T (y-axis) for the 15:00:00 snapshot on May 12th, 2021. As a bench-
mark, the minimal cost for the fixed trade parameters as per Table 1 is indicated 
using a green star-shaped marker. Using these trade parameters and the exponen-
tial strategy kernel Kj the benchmark configuration results in an optimal strategy 
of � = 1 and minimal expected execution cost of USD 9059 (rounded). We com-
pute the results for the exponential strategy kernel only as this kernel has consist-
ently shown the best performance. Figure 9 illustrates that the expected minimal 
execution cost decreases monotonously in the trade period T. Furthermore, the 

(18)∇c∗(N∗, T∗) =

(
(� − bv) −

�(N∗,T∗)

2h(T∗)
�(N∗,T∗)

4bh(T∗)2

(
�(N∗, T∗)h�(T∗) − 2ag�(T∗)h(T∗)

)
)

=

(
0

0

)
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results show that the minimal cost follows a parabola-relationship with the trade 
size N. This is due to the nature of the fee schedule which applies a base fee � 
that is compensated by the rebate b with increasing trade volume and at a certain 
point the rebate starts dominating the base fee thus resulting in decreasing execu-
tion cost beyond that point. This result is confirmed by an analysis of Theorem 2 
which reflects this parabola relationship in functional form. We conclude that to 
further optimize trade execution the trader should suggest to increase the trade 
period as much as possible.

5.6 � Sensitivity w.r.t. exchange parameters

Trading venues stand in competition for liquidity and trading volume. Euch et al. 
(2021) show that the fee schedule expressed by rebates a, b is an important tool 
to attract trading activity. Specifically, the former study analyzes an optimal com-
pensation scheme for market makers and the effect on trade execution cost on 
the respective exchange. Similarly, the fee schedule may be optimized for reg-
ular trader’s execution cost. Therefore, consider the alternative representation 
c∗
N,T

(a, b) of function (C10) which expresses the minimal execution cost as a func-
tion of an exchange’s fee rebates a, b and fixed trade parameters N, T as derived 
in Appendix C. In order to identify critical points (a∗, b∗) on this cost surface we 
again compute the gradient ∇c∗

N,T
(a, b) and establish the system of equations by 

letting the gradient evaluate to zero in the critical points. As shown in Appendix 
F this criteria can be expressed as follows

Fig. 9   Minimal trade execution cost as a function of the trade period and trade volume parameters. The 
result of the hypothetical Bitcoin buy trade is shown as a star-shaped marker
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The first equation reveals that, because all terms N, g, a, b are strictly positive, no 
solution exists and thus no critical point can be found. In fact, c∗(a, b) is strictly 
decreasing in a which simply indicates that raising the maker rebate will decrease 
the expected cost reduction by placing more trading volume as limit orders irre-
spective of the specific strategy and execution probabilities. This can be seen in the 
expected execution cost, Function (16), where the maker rebate a is a strictly nega-
tive cost term. On the other hand, the relationship between the minimal execution 
cost and the volume rebate b turns out to be more complex. In fact, as expressed 
in Eq.  (C11), the minimal execution cost is driven by two competing terms in the 
volume rebate b: for very small b the last term dominates while for large b the third 
term is the dominating term. Interestingly, for small volume rebates b the nominal 
volume rebate is driven by a differential of maker and volume rebate weighted by the 
expected relative executed limit order volume. In the case of a large volume rebate 
b, however, the nominal rebate increases as expected with the trade volume N.

We confirm these results in Fig. 10 which visualizes the minimal execution cost 
as a function of the exchange parameters. The green star-shaped marker indicates 
again the expected minimal execution cost when applying the hypothetical trade 
parameters from Table  1 as is used as a benchmark in Fig.  9 already. The graph 
reveals the strictly decreasing nature of the minimal execution cost in maker rebate 
a (x-axis). In contrast, we find a concave shape of the surface in volume rebate b 
(y-axis). We can derive a number of important implications for the operator of the 
trading venue. Essentially, for an operator seeking to attract loyal, large-volume 

(19)∇c∗
N,T

(a∗, b∗) =

⎛⎜⎜⎝

N + g(T)
a∗

b∗

4vh(T)N + N2 −
�
g(T)

a∗

b∗

�2

⎞⎟⎟⎠
=

�
0

0

�

Fig. 10   Minimal trade execution cost as a function of the maker and volume fee rebate parameters. The 
result for the parameters observed on Kraken Exchange is shown as a star-shaped marker



307

1 3

Digital Finance (2024) 6:283–318	

traders, the operator would optimize the fee schedule towards very small or large 
volume rebates both leading to lower execution cost. On the other hand, if the opera-
tor was to maximize the revenue from trading fees, she would be looking for a fee 
rebate configuration resulting in the max-min execution cost as per that surface.

6 � Conclusions

Trade execution is subject to various cost components such as price impact or trad-
ing fees. In particular for large trades, the execution cost can significantly affect a 
trader’s performance. The optimal execution strategy minimizes this cost by split-
ting the trade into smaller sub-units placed as market or limit orders with different 
bid/ask prices. We consider a setting where the exchange operates a maker-taker fee 
structure with additional fee rebates for cumulative trading volume. Specifically, the 
volume rebate is applied on a trade based on the instantaneously updated accumu-
lated trading volume. This setting is motivated by the innovative fee schedules oper-
ated by emerging cryptocurrency exchanges like Kraken Exchange.

We show that for this fee schedule an optimal execution strategy exists and results 
in significantly lower trading fees compared to the baseline strategy which uses a 
single market order only. The optimal strategy consists of a combination of market 
and limit orders distributed over different price levels to maximize the applied vol-
ume rebates. Thereby, the specific order distribution scheme depends on the limit 
order execution probability distribution and thus on the market conditions when 
the trade is executed. However, we find that a strategy kernel with an exponentially 
decaying allocation of trade volume to limit prices generally provides the best per-
formance. We test the robustness of these results in an empirical analysis based on 
a sample of 5,224 hly LOB snapshots across 223 trading days collected on Kraken 
Exchange. The results confirm the superior performance of the exponential strat-
egy kernel over a constant and linear decay kernel. In fact, the exponential kernel 
suggests an allocation of trade volume to limit orders of 100% for almost all LOB 
snapshots and results in the highest cost reduction potential of sometimes more than 
60%.

This work extends the existing body of literature in multiple ways. First the study 
confirms previous results on the significant impact of trade execution on the overall 
performance of actively managed trading strategies. Second, our results clearly point 
out the benefit of including limit orders beyond the best bid and ask prices in an 
order execution strategy.

An extension of this work would consider price impact as another component of 
a trade’s execution cost. We expect two counteracting forces of price impact. The 
first negatively impacts the average buy price and is due to the executed market 
order. This effect is generally understood as an execution cost and has been analyzed 
extensively in previous studies. However, since the optimal execution strategy pre-
sented here splits a trade into any number of limit buy orders placed at decreasing 
buy prices a second force decreases the average buy price. Compared to the baseline 
strategy it is thus expected that our execution strategy is capable of further reduc-
ing a trade’s execution cost. Further research may also be directed towards relaxing 
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some of the assumptions underpinning Theorems 1 and 2. In particular, supporting 
a multi-period strategy would allow for weakening the assumption of LOB elasticity 
and allow for the application of the strategy to markets with lower liquidity. Fur-
ther, the dynamics of the joint volume and price process assumed in this work may 
be extended from a standard GBM to include richer features such as price jumps 
and stochastic volatility. This would allow the model to more accurately reflect the 
empirical features of crypto markets. Finally, while our model takes into account 
execution risk by applying the limit order execution probabilities on the differ-
ent price levels, these probabilities have to be calibrated to LOB data first. Hence, 
the accuracy of these estimations has an important impact on the reliability of our 
model. Future research should be dedicated to analyzing this effect and the quan-
tification of the strategy execution risk induced by the order execution probability 
estimation errors.

Appendix A: Proof for kernel‑based trading cost function

Proof  We will start by substituting linear fee functions f +(v), f −(v) into Eq.  (11). 
Further, for simplicity we will omit the expectation in the accumulated volume term 
and use the convention vj ∶= E(vj), j = 1, 2,… , J in the forthcoming of this proof. 
Hence, we can write the expected total trading cost as

(A1)

E[c(w,N, T)] = N(� − bv0)w0 + N

J∑
j=1

(� − a − bvj)Pj(T)wj

+ N(� − bvJ+1)

J∑
j=1

(1 − Pj(T))wj

= N(� − bv0)w0 + (� − a)N

J∑
j=1

Pj(T)wj

− bN

J∑
j=1

vjPj(T)wj + �N

J∑
j=1

wj

− �N

J∑
j=1

Pj(T)wj − bNvJ+1

J∑
j=1

wj + bN

J∑
j=1

vJ+1Pj(T)wj

= N(� − bv0)w0 + N

J∑
j=1

(� − aPj(T))wj + bN

J∑
j=1

(vJ+1 − vj)Pj(T)wj

− bNvJ+1

J∑
j=1

wj
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Plugging in the expressions for the accumulated volume 
vj = v + Nw0 + N

∑j−1

i=1
Pi(T)wi we can further simplify the expected total cost 

function

Finally, replacing the strategy vector w with the strategy kernels the expected total 
trading cost can be rewritten as

	�  ◻

(A2)

E[c(w,N, T)] = N(� − bv)w0 + N

J∑
j=1

(� − aPj(T))wj

+ bN2

J∑
j=1

(
J∑
i=1

Pi(T)wi −

j−1∑
i=1

Pi(T)wi

)
Pj(T)wj

− bN

(
v + Nw0 + N

J∑
i=1

Pi(T)wi

)
J∑
j=1

wj

= N(� − bv)w0 + N

J∑
j=1

(� − bv − aPj(T))wj − bN2w0

J∑
j=1

wj

+ bN2

J∑
j=1

(
J∑
i=j

Pi(T)wi

)
Pj(T)wj − bN2

J∑
i=1

Pi(T)wi

J∑
j=1

wj.

(A3)

E[c(� ,N, T)] = N(� − bv)(1 − �) + N

J∑
j=1

(� − bv − aPj(T))Kj� − bN2(1 − �)�

J∑
j=1

Kj

+ bN2

J∑
j=1

(
J∑
i=j

Pi(T)Ki

)
Pj(T)Kj�

2 − bN2

J∑
i=1

Pi(T)Ki

J∑
j=1

Kj�
2

= N(� − bv) − N(� − bv)� + N(� − bv)� − aN

J∑
j=1

Pj(T)Kj�

− bN2� + bN2�2 + bN2

J∑
j=1

(
J∑
i=j

Pi(T)Ki

)
Pj(T)Kj�

2

− bN2

J∑
i=1

Pi(T)Ki�
2

= N(� − bv) − N

(
bN + a
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j=1

Pj(T)Kj
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�
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1 −
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i=1
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(
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Appendix B: Proof of Theorem 2

Proof  The optimal � will satisfy the following first and second order conditions. 

Since E[c(� ,N, T)] is a quadratic function in � , it can be expressed by

where 

Note that 0 ≤ ∑J

i=1
Pi(T)Ki < 1 because 0 ≤ Pi(T) ≤ 1,∀i by definition of a prob-

ability which leads to the inequalities above. As a result, we have 

Thus, by setting f �(�) = 0 the local optimum �∗(T) evaluates to

Furthermore, since f ��(𝛾) > 0 , E[c(� ,N, T)] is a convex function in � and �∗(T) is a 
local minimum.

(B4a)
�E[c(� ,N, T)]

��
= 0

(B4b)
𝜕2E[c(𝛾 ,N, T)]

𝜕𝛾2
> 0.

(B5)f (�) = c0 − c1� + c2�
2,

(B6a)c0 = N(𝜂 − bv) > 0

(B6b)c1 = N[Nb + ag(T)] > 0

(B6c)c2 = bN2h(T) > 0

(B6d)g(T) =

J∑
j=1

Pj(T)Kj > 0

(B6e)h(T) = 1 −

J∑
i=1

Pi(T)Ki +

J∑
j=1

(
J∑
i=j

Pi(T)Ki

)
Pj(T)Kj > 0.

(B7a)
�E[c(� ,N, T)]

��
= f �(�) = 2c2� − c1

(B7b)
𝜕2E[c(𝛾 ,N, T)]

𝜕𝛾2
= f ��(𝛾) = 2c2 > 0

(B8)� ∗ (T) =
c1

2c2
=

Nb + ag(T)

2bNh(T)
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Finally, we show that for �∗(T) ∈ (0, 1) , i.e. the minimum is found on the domain 
of � , the condition N >

ag(T)

[2h(T)−1]b
 must be fulfilled. Therefore we first note that 

because c1 ≥ 0 and c2 > 0 it follows that �∗(T) = c1

2c2
≥ 0 . To prove that �∗(T) ≤ 1 

we proceed as follows with an assumption that h(T) > 1∕2

When h(T) < 1∕2 , we have [2h(T) − 1]bN < ag(T) , and thus 𝛾∗(T) > 1 will be 
obtained. 	�  ◻

Appendix C: Derivation of the minimal expected execution cost 
functions

To derive the minimal expected execution cost as a function of the trade param-
eters we simply plug in the optimal execution strategy �∗(T) according to Theo-
rem 2 into the minimal expected execution cost function E[c(� ,N, T)];

Similarly, we can fix the trade parameters N, T and find the minimal expected exe-
cution cost as a function of an exchange’s fee schedule or rebate parameters a, b, 
respectively. Using Eq. (C10) we can easily find this relationship by

(B9)

𝛾∗(T) < 1 ⟺ c1 < 2c2

⟺ 2c2 − c1 > 0

⟺ 2bh(T)N2 − N[Nb + ag(T)] > 0

⟺ 2bh(T)N − bN − ag(T) > 0

⟺ [2h(T) − 1]bN > ag(T)

⟺ N >
ag(T)

[2h(T) − 1]b
.

(C10)

c∗(N, T) = c0 − c1�
∗(T) + c2(�

∗(T))2

= c0 − c1

(
c1

2c2

)
+ c2

(
c1

2c2

)2

= c0 −
c2
1

2c2
+

c2
1

4c2

= c0 −
c2
1

4c2

= N(� − bv) −
N2[Nb + ag(T)]2

4bN2h(T)

= N(� − bv) −
[Nb + ag(T)]2

4bh(T)
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Appendix D: Simplified execution probability function

Zhou (2001) outlines in Section 2.1 his Main Result 1 which is based on the assump-
tion that the growth rate of the boundary value (in Zhou’s model a firm’s debt) and 
the process’s drift term (firm’s asset value in Zhou’s model) are equal. However, in 
this work the boundary values defining first passage times �p and �v are the limit 
price p(b)

j
(0) and cumulative buy volume v̄(b)

j
(0) which are constants. As discussed 

earlier we thus assume a zero growth rate of the boundary value. On the other hand, 
in Sect. 5.2 we find no statistical evidence for non-zero drift parameters �p and �v . 
As a result, for the purpose of our work we can make use of Zhou’s assumption of 
equal boundary growth rate and process drift term and therefore utilize his Main 
Result 1. This allows us to write Eq. (5) in simplified form 

Similarly, we can rewrite Eq. (6)

where �0, r0 and � are defined as in the general form.

Appendix E: Derivation of gradient w.r.t. trade parameters

We want to identify critical points (N∗, T∗) of the minimal expected execution cost 
function developed in the previous section. It is well known that for a continuous 
function a critical point is any point (N∗, T∗) for which the gradient 

(C11)

c∗
N,T

(a, b) = N(� − bv) −
[Nb + ag(T)]2

4bh(T)

= N� −
Ng(T)

2h(T)
a −

N2b

4h(T)
− Nvb −

g(T)2

4h(T)

a2

b

= N� −
Ng(T)

2h(T)
a −

4vh(T)N + N2

4h(T)
b −

g(T)2

4h(T)

a2

b
.

(D12a)P(�p ≤ T) = 2 ∗ N

�
−

Zp√
T

�

(D12b)P(�v ≤ T) = 2 ∗ N

�
−

Zv√
T

�
.

(D13)
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∇c∗(N, T) =
(

𝜕c∗

𝜕N
,
𝜕c∗

𝜕T

)⊤

 evaluates to the zero vector. Thus, we are looking for the 

solution to ∇c∗(N∗, T∗) = (0, 0)⊤ or

, where �(N, T) = Nb + ag(T) . The problem of finding the critical points (N∗, T∗)⊤ 
can be expressed as a system of two equations in two variables N∗ and T∗

Because � is strictly positive the second equation can be simplified and we can write 

Solving both expressions for N∗ and combining the two equations results in a single 
equation in variable T∗

In order to further simplify this equation we separate the nested sum term in h(T) 
into two independent sums as follows

Note that we have made use of the fact that K1 = 1 if J = 1 and thus this special case 
results in a very simple expression. Therewith, the derivative h�(T∗) evaluates to

(E14)∇c∗(N∗, T∗) =

(
(� − bv) −

�(N∗,T∗)

2h(T∗)
�(N∗,T∗)

4bh(T∗)2

(
�(N∗, T∗)h�(T∗) − 2ag�(T∗)h(T∗)

)
)

=

(
0

0

)

(E15a)(� − bv) −
�(N∗, T∗)

2h(T∗)
= 0

(E15b)
�(N∗, T∗)

4bh(T∗)2

(
�(N∗, T∗)h�(T∗) − 2ag�(T∗)h(T∗)

)
= 0

(E16a)(� − bv) −
�(N∗, T∗)

2h(T∗)
= 0

(E16b)�(N∗, T∗)h�(T∗) − 2ag�(T∗)h(T∗) = 0

(E17)

1

b
(2h(T∗)(� − bv) − ag(T∗)) =

2ag�(T∗)h(T∗)

bh�(T∗)
−

a

b
g(T∗)

h�(T∗)(� − bv) = ag�(T∗)

h�(T∗)

g�(T∗)
=

a

� − bv
.

(E18)

J�
j=1

�
J�
i=j

Pi(T)Ki

�
Pj(T)Kj

=

�
(P1(T))

2 if J = 1∑J

j=1
(Pj(T)Kj)

2 +
∑J−1

j=1
Pj(T)Kj

∑J

i=j+1
Pi(T)Ki else
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As a result, for the case where J = 1 the following solution can easily be derived 
T∗ = P−1

1

(
�−bv+a

2(�−bv)

)
 . On the other hand, the general case where J > 1 involves the 

probability density functions P�
j
(T∗) = �j(T

∗) and thus becomes analytically intrac-
table. However, we are able to reformulate Eq. (E17) as a root-finding problem

with constant � =
a

�−bv
+ 1 . Thus, we are able to numerically solve for T∗ . To better 

understand this relationship we compute and plot the criticaltrade period T∗ for an 
increasing number of active price levels J. Doing this again for the same LOB snap-
shot 2021-05-04T18:00:00 and the exponential kernel yields the following graph.

From Fig. 11, it is clear that T∗ increases exponentially when more price lev-
els are included in the trading strategy, which suggests that T∗

→ ∞ as J grows 
larger. This coincides with the intuition that the larger trade period leads to higher 

(E19)

h�(T∗)

=

�
−g�(T∗) + 2P�

1
(T)P1(T)K1 if J = 1

−g�(T∗) + 2
∑J

j=1
P�
j
(T)Pj(T)Kj +

∑J−1

j=1
P�
j
(T)Kj

∑J

i=j+1
P�
i
(T)Ki else

(E20)

2

J∑
j=1

�j(T
∗)Pj(T

∗)Kj +

J−1∑
j=1

�j(T
∗)Kj

J∑
i=j+1

�i(T
∗)Ki − �

J∑
j=1

�j(T
∗)Kj = 0

Fig. 11   Optimal trade period T∗ in seconds (y-axis) for different number of LOB price levels included in 
the execution strategy
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execution probabilities Pj(T
∗) and thus to more trade volume being, in expecta-

tion, executed as limit orders at various price levels. Because these limit orders 
accrue volume rebate and maker rebate the minimal cost is expected to decrease.

Appendix F: Derivation of gradient w.r.t. exchange parameters

We want to identify critical points (a∗, b∗) of the minimal execution cost function 
shown in Eq. (C11). Similarly to the approach taken in Sect. E we find the critical 
points as any point (a, b) for which the gradient ∇c∗

N,T
(a, b) =

(
𝜕c∗

N,T

𝜕a
,
𝜕c∗

N,T

𝜕b

)⊤

 evalu-
ates to the zero vector. In other words, we are looking for the solution to 
∇c∗

N,T
(a∗, b∗) = (0, 0)⊤ or

Thus, finding the critical points (a∗, b∗)⊤ corresponds to solving the following sys-
tem of equations 

We can further simplify these equations 

Because in both equations all the terms are strictly positive we conclude that no 
result exists for this system. Thus, the minimal expected execution cost function in 
fee rebates a and b does not have a critical point (a∗, b∗)⊤ and, as a result, also no 
min-min or min-max.
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